We consider a version of the AdS d+1 /CF T d correspondence, in which the bulk space is taken to be the quotient manifold AdS d+1 /Γ with a fairly generic discrete group Γ acting isometrically on AdS d+1 . We address some geometrical issues concerning the holographic principle and the UV/IR relations. It is shown that certain singular structures on the quotient boundary S d /Γ can affect the underlying physical spectrum. In particular, the conformal dimension of the most relevant operators in the boundary CFT can increase as Γ becomes "large". This phenomenon also has a natural explanation in terms of the bulk supergravity theory. The scalar two-point function is computed using this quotient version of the AdS/CFT correspondence, which agrees with the expected result derived from conformal invariance of the boundary theory. *
Introduction
The AdS/CFT correspondence proposed in [1] [2] [3] gives a surprisingly powerful method to investigate strong coupling physics. In its simplest form, this proposal relates tree-level supergravity on (d + 1)-dimensional anti-de Sitter space to a conformal field theory on the round sphere S d , which is the conformal boundary of AdS d+1 . One may consider CFT on a more complicated manifold M as well, by replacing the bulk spacetime AdS d+1 with a negatively curved Einstein space X of boundary M. In fact, using topologically non-trivial X can provide additional tests for the bulk/boundary correspondence [4] [5] [6] .
There are several ways of constructing a non-trivial Einstein manifold with negative cosmological constant. One way is to place black holes in AdS space. This amounts to a study of the boundary theory at finite temperature [4] . While this construction can exhibit interesting phase structures in the large N limit (using a mechanism discovered by Hawking and Page [7] many years ago), finding black hole solutions in the AdS background is however by no means an easy task; at present only a few such solutions are explicitly known.
Alternatively, we can pick a discrete subgroup Γ of SO(d, 2) that acts isometrically on AdS d+1 , and take the quotient manifold X = AdS d+1 /Γ to be the bulk spacetime. The resulting space will constitute a (d + 1)-dimensional negatively curved Einstein manifold, on which the classical supergravity action can be defined. One thus expects that gravity in X still corresponds to some conformal field theory on the quotient boundary M = S d /Γ. For a check on this quotient version of the AdS/CFT correspondence, recall that the HawkingPage reference space (denoted by X 1 in [3] [4]) takes the form AdS d+1 /Z, which is associated to a boundary CFT in low-temperature phase. Another useful check concerns a quotient construction of the BTZ black hole [8] [9] in AdS 3 , where Γ is generated by a single loxodromic element; supergravity in this geometry is again related to a 2D CFT (see e.g. [10] for such a study and the references therein). Note that these examples made a common choice of Γ in elementary discrete groups.
In the present work we wish to consider some general features of the quotient AdS/CFT correspondence. We will address a couple of geometrical issues that are closely related to the holographic principle [11] and the UV/IR relations [12] [13] between bulk-and boundarytheories. As we will see in detail, certain singular structures on the quotient boundary S d /Γ may affect the underlying physical spectrum. This effect could not be seen by choosing Γ in elementary discrete groups; mathematically such a choice is too special to describe generic structures of quotient manifolds. Thus, in this paper we will take Γ to be non-elementary, namely it contains no abelian subgroups of finite index. With this choice the conformal dimension of the most relevant operators in the boundary CFT will depend nontrivially on Γ, provided Γ is "large" enough. We will give some mathematical explanations of such a dependence, both on the supergravity side and from the boundary point of view. According to this dependence we could have, for Γ extremely large, a boundary theory that does not contain any relevant operators, -corresponding to a bulk supergravity theory without tachyon modes.
The existence of singular structures on the boundary and its relations to the bulk geometry have been extensively studied by mathematicians. Some of the mathematical results will be reviewed in this paper. Section 2 provides a brief description of the quotient space geometry. In section 3, we discuss several implications of the holographic principle as well as certain geometrical subtleties arising from constructing the quotient boundary. Section 4 then deals with scalar conformal fields on the quotient boundary, where we derive a constraint on the spectrum of conformal dimensions. In section 5 we compute the scalar two-point function using the quotient AdS/CFT correspondence. Finally, in section 6 we present our conclusions.
Taking the Quotient
We will acturally work in Euclidean language and take the covering space of our bulk to be 
at infinity, here the d-dimensional plane R d is specified by the equation x 0 = 0.
Geometrically, there is a simple realization of isometric transformations in this half-space model [14] . Suppose that S is a d-dimensional Euclidean hemisphere in the half-space whose equatorial plane coincides with the boundary plane R d in (2.1). The inversion in S, which will be denoted by I S , is an orientation-reversing isometry of H d+1 . In the limiting case when S approaches a d-dimensional Euclidean half-plane in H d+1 perpendicular to the boundary plane, the inversion I S becomes an ordinary reflection, which again is an orientation-reversing isometry. To obtain an orientation-preserving isometry, one simply takes product of an even number of such I S 's. It turns out that each isometry of the hyperbolic space can be realized in this way, namely for any g ∈ SO(d + 1, 1), we can find 2n hemispheres S 1 , S 2 , · · · , S 2n as described above (possibly including those in the Euclidean half-plane limit), so that
Note that each inversion I S : H d+1 → H d+1 on the hyperbolic space induces a transformation
on the boundary (2.1), defined by the inversion in ∂S, whereS is the closure of S whose boundary ∂S is a (d − 1)-dimensional Euclidean sphere (or Euclidean plane in the limiting case) living in (2.1). Thus group elements of the form (2.2) also act naturally on the boundary sphere, giving the so-called Möbius transformations [14] . Now we choose a discrete subgroup Γ of SO(d + 1, 1). Discreteness means that each γ ∈ Γ has a neighborhood U γ ⊂ SO(d + 1, 1) such that U γ ∩ Γ = {γ}. So every sequence of infinitely many distinct elements {γ n } in Γ cannot converge to any point of SO(d + 1, 1) and, in particular, we have lim n→∞ ||γ n || = ∞. Evidently, any element of Γ has a product represention (2.2) in terms of inversions. This specifies how Γ acts on H d+1 in the half-space description. The (d + 1)-dimensional bulk spacetime X is then constructed by
If Γ does not contain elements of finite order, then it acts freely on H d+1 , so that X is a smooth hyperbolic manifold without orbifold singularities. Since Γ acts isometrically on H d+1 , the local geometry of X looks the same as the original hyperbolic geometry. In particular X inherits the standard hyperbolic metric from H d+1 . Of course, taking the quotient (2.3) will generally break the isometry group SO(d + 1, 1). The residual spacetime symmetry on X will be determind by 1 :
In the quotient version of the AdS/CFT correspondence, this isometry group should be identified with the unbroken conformal symmetry of the boundary theory. An independent verification of this fact will be given at the end of section 5.
From the boundary point of view, it is natural to regard Γ as a discrete group of certain Möbius transformations acting on the boundary sphere S d . Thus the "quotient boundary"
is constructed by
1 A quick derivation of this group is as follow. Each point x of X can be considered as an orbit [y] ≡ Γ · y in H d+1 , starting at some y in the hyperbolic space. The action of g ∈ SO(d + 1, 1) on X is defined by
, which is well-defined provided [g · y] is independent of the choice of representive y in the orbit; thus, if y ′ = γ · y is another representive, there should exist a γ
. The collection of all such g is precisely the isometry group of X. the cutoff has a Γ-invariant meaning, M ′ is likely to be a subset of M. Thus, supergravity on the quotient bulk space X should generally correspond to a "boundary" theory on M ′ other than the quotient boundary (2.5).
There is an interesting consequence of the above discussion. If V ol(X) < ∞, the ultraviolet cutoff completely breaks the conformal algebra on S d , so holography predicts that the residual symmetry (2.4) will at most constitute a discrete group . This is in accordance with the mathematical speculation that generic hyperbolic manifolds with finite volumes admit no continuous isometries. Continuous isometries can arise only if the volume of X is infinite. So far we have only considered an extreme case that can occur in the AdS/CFT correspondence: When V ol(X) < ∞, one naively expects that conformal fields should be defined on the quotient boundary M = S d /Γ, but turning to the quantum theory a rather intriguing, apparantly discrete space M ′ ⊂ M can possibly emerge as the regulated spacetime. It would be of interest to have a geometrical understanding of why the boundary of X can be discretized as one deforms Γ from generic position into this extreme case. The crucial point is that the action of a discrete Γ ⊂ SO(d and a sequence of infinitely many distinct elements {γ n } in Γ, such that γ n (x) coverges to some y ∈ H d+1 . Since H d+1 can be regarded as the coset space
the points x and y in the hyperboloic space may be represented by some group elements g x ∼ g x · h x and g y ∼ g y · h y in SO(d + 1, 1), respectively, up to arbitrary h x , h y ∈ SO(d + 1).
Thus, the limit γ n (x) → y can be alternatively described by γ n ·g x = g γn(x) ·h n with g γn(x) → g y and h n ∈ SO(d + 1). This clearly gives γ n = g γn(x) · h n · g −1
x . Now because g γn(x) has a finite limit g y as n → ∞, and because the h n 's belong to a compact group SO(d + 1), we see that ||γ n || is bounded from above. But this is impossible due to discreteness of Γ. So as far as Γ is discrete, its action on H d+1 is necessarily discontinuous 5 . Accordingly the quotient space X = H d+1 /Γ with its natural quotient topology is always a Hausdorff space.
On the contrary, a discrete group Γ in general does not act discontinuously on the boundary of H d+1 and there may exist accumulation (or cluster) points in each Γ-orbit, namely,
given any x on the boundary sphere S d , one may find an infinite sequence {γ n } in Γ such that lim
These points may render the quotient space S d /Γ possible to be nonHausdorff. The set of all such accumulation points is called the limit set Λ Γ of Γ. This set is a closed, Γ-invariant subset of S d ; actually it is the smallest non-empty subset having such properties. Thus Λ Γ is contained in the closure of an orbit Γ · x, with x either on the bound-ary sphere or in the interior of the hyperbolic space. Note that if
Hence a "large" Γ actually means that Λ Γ has a relatively large Hausdorff dimension. Let us give an example to illustrate how the limit set of Γ can have positive Hausdorff dimension. This example comes from a slight modification of the material exposed in [15] . As we have mentioned before, the action of Γ on the hyperbolic space is generated by inversions with respect to some d-dimensional Euclidean hemispheres (or half-planes) in H d+1 . We restrict ourselves to a simple case in which only finitely many such hemispheres can occur. Thus, for i = 1, 2, . . . , K + 1, let S i be a d-dimensional Euclidean hemisphere with center a i and Euclidean radius r i , and let B i be the (d + 1)-dimensional Euclidean half-ball bounded by S i , whose closure is denoted byB i . Suppose that these half-balls are mutually disjoint, namely for each pair (i, j), |a i − a j | > r i + r j . Then the discrete group Γ which we will consider consists of all elements of the form
where I i is the inversion in S i , Σ(m) denotes the set of all sequences i 1 , . . . , i m such that
Since all the half-balls do not touch each other, we have I i (B j ) ⊂B i for i = j, and thereforē
Moreover, it is not difficult to see that (3.2) itself is a closed half-ball in H d+1 ∪ S d , with the center a i 1 i 2 ...i 2n+1 and radius r i 1 i 2 ...i 2n+1 determined iteratively by
where m ≥ 2 and (i 1 , i 2 , . . . , i m ) ∈ Σ(m). It follows from the (geometrically obvious) inequalities
2 that the radius ofB i 1 i 2 ...i 2n+1 will shrink to zero when n tends to infinity. Thus, the following closed set
is a subset of the boundary sphere S d and, by construction, it is the smallest non-empty closed subset of S d invariant under the action of Γ. So E is precisely the limit set Λ Γ . Since (3.4) constitutes a kind of the "general Cantor sets" [16] , its Hausdorff dimension
where C K is some positive constant. Thus, for K ≥ 2, the limit set of Γ indeed has a positive Hausdorff dimension. (In the case K = 1 when Γ becomes an elementary group, we have d H (E) = 0 and E consists only of two points.)
Returning to generic case, we see that M = S d /Γ is not a Hausdorff space. It is not quite clear how to quantize classical conformal fields on a non-Hausdorff space. So when we try to associate a quantized "boundary theory" to (semi-) classical gravity on the bulk spacetime X, we have to discard the singular points on M that cause the quotient boundary to be nonHausdorff, and consider the maximal subset M ′ of M such that M ′ is topologically a Haustorff space. This naturally leads us to the notation of domain of discontinuity, D Γ , defined as the
The group Γ now acts properly disontinuously on D Γ and we propose that the "regulated boundary" M ′ is to be constructed as
plus possible cusps of Γ living outside D Γ . We will call such M ′ as the "Kleinian boundary"
of X. Geometrically, the quotient (3.6) can be interpreted as the boundary of the Kleinian manifold (H d+1 ∪ D Γ )/Γ [17] . Any point on S d living in the limit set will come from an interior point x of H d+1 under a certain limit lim n→∞ γ n (x), γ n ∈ Γ. So when taking the quotient (2.3) by Γ, a point y ∈ Λ Γ ⊂ S d can hardly be thought of as a boundary point of the quotient space X, unless y is a cusp. Thus, if Γ contains no parabolic elements or, more generally, if Γ has a fundamental domain in H d+1 that does not touch the limit set (so that all possible cusps are in D Γ ), then the Kleinian boundary of X is just the d-dimensional Hausdorff space (3.6). On the other hand, if Γ has cusps not living in D Γ , they should be regarded as additional points of the Kleinian boundary M ′ . These additional points may become important when Λ Γ is so large that all the connected components of D Γ collapse. In that case the Hausdorff dimension of the limit set reaches its maximal value d and M ′ is discretized or even becomes empty.
Typically this can occur when X has finite volume or is compact. We thus find a geometrical resolusion of the apparent puzzle mentioned at the begining of this section. The puzzle can be removed simply by requiring that the quotient version of the AdS/CFT correspondence should relate supergravity in X to a holographic theory defined on the Kleinian boundary M ′ , and not on the naive quotient space M = S d /Γ.
We now elucidate the above discussions by some examples. The most familiar example concerns a finitely generated Fuchsian group of the first kind [18] . This is a discrete subgroup of P SL(2, R) acting on H 2 as well as on its boundaryR, whose limit set Λ Γ turns out to be the wholeR and hence the domain of discontinuity D Γ is empty. To get an intuitive picture of what the "Kleinian boundary" of the Riemann surface X = H 2 /Γ should look like, let us consider the typical case where the canonical fundamental domain F for Γ has a finite hyperbolic volume. Then according to [18] , F has 4g + s + p (finitely many) vertices, 4g of which are used to create genus of X, s of which correspond to elliptic fixed points, and p of which sit onR, corresponding to cusps. Each elliptic fixed point is associated to a finite cyclic subgroup of Γ, hence giving rise to an orbifold singularity in the interior of the Riemann surface. If we pick local coordiates z (with |z| < 1) at an elliptic fixed point, then a locally analytic function f will behave as f (z) ∼ z 1/ν at that point, where ν is the order of the cyclic subgroup associated to the elliptic fixed point. On the other hand, if we pick local coordinates at a cusp, we will find f (z) ∼ log z near that cusp; thus the Riemann surface X has p infinitely long tubes and the cusps can be thought of as the ends of these tubes at infinity. Intuitively, the "boundary" of X should be identified with the set of cusps, in agreement with our construction of the Kleinian boundary since in this example D Γ = ∅. This discretization was predicted earlier by the holographic argument.
As another example, we consider some torsion-free discrete subgroups of P SL(2, C) acting on H 3 and on the boundary sphere S 2 ∼ =Ĉ ≡ C ∪ {∞}. Let us begin with a Γ for which the limit set Λ Γ constitutes a circle S 1 in the extended complex planeĈ [17] . In this case, Now we will focus on what can happen when Γ is deformed into a limiting group Γ * so that
Suppose that Γ * arises as the fundamental group of a certain Riemann surface M * . According to [19] , under a quasi-conformal deformation of Γ the limit set Λ Γ is also deformed, from the circle S 1 to a Jordan curve inĈ, and the conformal structures by pinching λ − we can get the other boundary point, j − (∞). As j ± approach j ± (∞), the Jordan curve Λ Γ becomes more and more complicated, -it can eventually fill the whole complex plane when the double limit is reached [19] . [19] in some detail. Suppose that X is a (d + 1)-dimensional hyperbolic manifold in either of the above examples (thus d = 1, 2), having finite volume V ol(X) and containing p cusps. Mathematically, there is a lower bound for the hyperbolic volume:
where c d is some constant of order 1, which may depend on what the example we are considering, -in the 2-dimensional example we have [18] c 1 = 2π and, in the 3-dimensional example [21] , c 2 ≈ 1.01494. According to our geometrical construction, the Kleinian boundary M ′ of X should be discretized completely in this finite volume case, consisting of the p cusps. The average spacing of points in such a "lattice boundary space" should behave as
Note that (3.8) also has an interpretation as the uncertainty of localizing a spacetime point in the boundary theory. Going to the bulk manifold, the local geometry of X reads
so the volume of X may be estimated roughly
with ∆U being an effective infrared cutoff of the bulk manifold, which can be identified with the length scale of a fundamental domain F ⊂ H d+1 for Γ. Now we combine (3.7), (3.8) and
One recognizes immediately that (3.11) is the UV/IR relation in string units, reformulated as a kind of the space-time uncertainty principle [20] . This gives further evidence that our geometrical construction of M ′ can serve as the space on which the holographic theory lives.
The discussion also suggests that cusps are capable of storing physical information.
Conformal Fields on the Boundary
Having established a mathematical description for the Kleinian boundary of X, we shall try to explore some unusual behavior of the boundary conformal fields. In particular we want to show how the physical spectrum can depend nontrivially on a generic discrete group Γ. Here, for simplicity, we will only consider conformal fields without Lorentz indices; our discussion can be easily generalized to the case containing several Lorentz quantum numbers. We begin with conformal transformations of scalar fields on the Kleinian boundar M ′ . For this discussion we need only to consider the continuous part D Γ /Γ of M ′ , ignoring all cusps.
So given any f in the conformal group (2.4), a scalar field O(x) of conformal dimension ∆ will transform as
where U is some unitary representation of the conformal group and |f
If ∆ = 0, one cannot really think of O(x) as an operator-valued distribution since it depends on the choice of a Riemannian metric on D Γ /Γ. In particular under Weyl transformation
In certain applications one may wish to find an intrinsic description for conformal fields in the sense that it does not depend on the choice of Riemannian metrics. For this purpose, we will invoke the concept of "conformal densities" considered in [22] . Recall that [22] a conformal density of dimension ∆ is some positive finite measure µ assigned to the given metric h ij , and under the Weyl rescaling (4.2), it obeys a transformation law
Thus, by taking a measurable subset A of D Γ /Γ, one can form an integral invariant under Weyl transformations:
This clearly gives the desired intrinsic discription for O(x). Note that the existence of such a description is essential for formulating the explicit AdS/CFT correspondence [2] [3] . In that connection, the conformal density dµ(x) will serve as a source coupled to the local field O(x) on the boundary. The coupling should be conformally invariant by physical requirements. 
whereμ is a conformal density on D Γ , of dimension ∆, and
stands for the Γ-invariant projection of dμ(x), which may be identified with a conformal density on D Γ /Γ having the same dimension as dμ(x). Hence the last integral in (4.6) can be regarded as the integral (4.4) under the identifications F ∩Ā ↔ A and dν ↔ dµ.
As D Γ constitutes a subset of S d , the measure dμ(x) has a natural extension to the whole boundary sphere; hence the projection (4.7) defines a Γ-invariant conformal density on S d . Now for generic Γ, the existence of such an invariant measure will impose a constraint on the allowed values of ∆. In fact, if Γ is a non-elementary discrete group, then according to Corollary 4 of [22] , the dimension of any conformal density on S d invariant under Γ has a lower bound. This bound can be saturated and agrees with the critical exponent δ(Γ) of Γ, which is defined so that the Poincaré series
converges for s > δ(Γ) and diverges for s < δ(Γ), here ρ(·, ·) is the hyperbolic distance. As a consequence, scalar conformal fields on M ′ are not intrinsically defined in the sense of (4.4) unless their conformal dimensions obey the inequality
If there are no stronger constraints presented, ∆ can saturate the lower bound in (4.9), so in this case the conformal dimension of the most relevant operators on M ′ is δ(Γ).
The above argument rests on the requirement that all conformal fields on D Γ /Γ should have an intrinsic description. However, there exits other evidence supporting the constraint (4.9). Consider, for example, a string theory in H d+1 × W which corresponds to some CFT on the boundary of H d+1 . With a suitable choice of W we may assume this string theory contains zero-branes. Each zero-brane on the boundary sphere S d with mass m is associated to a local conformal field O(x), whose dimension is determined by
The two-point Green's function G(x, y) ≡ < O(x)O † (y) > can be computed within the bulk theory: For ∆ ∼ m ≫ 1, we have
Note that (4.10) should be regularized by moving x, y "slightly" from the boundary of H d+1 to its interior. With this regularization the Poincaré series
(This follows from the fact that Γ acts isometrically on the hyperbolic space, so in particular we have ρ(γx, γy) = ρ(x, y), ∀γ ∈ Γ.) It is therefore tampting to interprete G Γ (x, y) as a regularized two-point Green's function of certain CFT defined on the quotient manifold , y) , by a generalized Osterwalder-Schrader quantization procedure. The conformal dimension ∆ of such an O Γ (x) should then obey (4.9). Actually, from (4.8) and (4.10), one easily derives 11) so convergence of G Γ (x, y) requires the inequality ∆ ≥ δ(Γ). So far we have derived a general constraint (4.9) on the physical spectrum of conformal fields living in M ′ . While this inequality is always presented for conformal fields having the intrinsic description (4.4), it may not really provide a useful constraint in the AdS/CFT λ strictly less than λ 0 (X) should be discarded (since they are precisely the normalizable zero modes that will lead to instabilities). According to the AdS/CFT correspondence, the conformal operator O(x) coupled naturally to the source φ 0 (x) on the quotient boundary has the scaling dimension
Thus, combining this and (4.16) we see that ∆ ≥
, in ageement with the previous argument.
To determine the dependence of δ(Γ) on Γ, let us recall a geometrical characteristic of the critical exponent [22] . Suppose first that Γ is a convex cocompact group, namely, Γ has a fundamental domain in H d+1 which has finitely many sides and does not touch the limit set Λ Γ . Sometimes such groups are also called "geometrically finite without cusps" and they form quite a rich class in hyperbolic geometry. If Γ is convex cocompact, then it can be shown ( [22] , Section 3) that the critical exponent of Γ agrees exactly with the Hausdorff dimension of the limit set:
Next, for a more general non-elementary discrete group Γ, its critical exponent turns out to be greater than or equal to the Hausdorff dimension of the radial limit set Λ 19) and this conjecture was verified when Γ has a δ(Γ)-finite volume ( [22] , Section 6), including all (finitely generated) Fuchian groups. Note that (4.19) implies (4.18) in the convex cocompact case since in that case we have Λ rad Γ = Λ Γ . From the foregoing discussion we expect that δ(Γ) may increase as Γ becomes larger and larger. In particular when Λ rad Γ = Λ Γ fills the whole boundary sphere S d , or the Hausdorff dimension d H (Λ rad Γ ) reaches its maximal value d, then according to the constraint (4.9), there will be no relevant operators in the boundary theory. As we have seen in the previous section, this can occur if Γ becomes so large that the volume of X is finite; in such an extreme case we have m 2 ≥ λ 0 (X) = 0 for all scalar fields in the bulk and thus no tachyon modes can exist.
It would be very interesting to understand the underlying bulk/boundary correspondence in terms of brane dynamics (cf. [24] ).
Computing the Scalar 2-point Function
In this section we shall compute the scalar two-point function explicitly using the quotient AdS/CFT correspondence. The computation is a Γ-invariant version of that presented in [3] . For simplicity, we shall assume that Γ has no cusps, or at least the cusps do not meet the limit set Λ Γ , so that the Kleinian boundary of X = H d+1 /Γ is simply given by
Following [3] , let us solve the Klein-Gordon equation (4.14) defined in X with the given boundary values φ 0 (x), x ∈ M ′ . For this purpose we need to construct a (generalized) Poisson
has the correct boundary behavior. On the covering space
where ∆ is defined in (4.17). However, this expression does not meet our requirement of Γ-invariance. In fact, given any γ ∈ Γ, we have ρ(γy, γx) = ρ(y, x) and cosh ρ(y, x) = 1 + |y−x| 2 2y 0 x 0 , so that k(γy, γx) = ( lim
Thus in general we do not have k(γy, x) = k(y, x). To find the Γ-invariant Poisson kernel, we will invoke the familiar Poincaré series
It is easy to check that (i) K(y, x) has the desired Γ-invariant propertiy K(γy, x) = K(y, x) for any γ ∈ Γ, (ii) K(y, x) transforms covariantly under x → γx, namely K(y, γx) = |γ ′ (x)| −∆ · K(y, x), and (iii) K(y, x) solves the Klein-Gordon equation in H d+1 . Thus, combining (i) and (iii) we see that (5.4) is in fact a solution of the Klein-Gordon equation in X.
Before we can identify such K(y, x) with the Poisson kernel defined on X × M ′ , we need to check further that substituting (5.4) into (5.1) will lead to the correct boundary behavior of φ(y).
To this end we take a Γ-invariant conformal density (in the sense of [22] ) of dimension ∆, defined on the covering space D Γ of the quotient boundary:
One requires that the functionφ 0 (x) in (5.5) should transform asφ 0 (γx) = |γ
In particular we can takeφ 0 (x) to be the lifting of the boundary values φ 0 (x) from M ′ to its covering space D Γ , which has the correct conformal dimension. With this choice we pick an arbitrary fundamental domain F ⊂ D Γ of Γ and then consider
Notice that the first integral in (5.6) has the correct boundary behavior, since k(y, x) is the Poisson kernel on the covering space. The last integral thus gives the desired solution of the Klein-Gordon equation in X with the boundary values φ 0 (x).
We are now ready to evaluate the action (4.13). Let us choose a fundamental domain
. This is possible since we have assumed that all possible cusps of Γ do not live in the limit set Λ Γ . We can represent the integral in (4.13) over X by a corresponding integral over G and, by integrating by parts, one finds that the action I(φ) consists of two terms, one of which vanishes due to the equation of motion and the other of which can be reduced to a surface integral [3] 
where T ǫ is the horosphere y 0 = ǫ based at ∞, h ij = δ ij /ǫ 2 is the metric induced from g µν , and n · ∇ = y 0 ∂ ∂y 0 | y 0 =ǫ is the derivative along the direction normal to the sufaceḠ ∩ T ǫ in G. ∩ T ǫ = F , one gets quantized conformal field theory associated to tree-level supergravity in X should live on the Kleinian boundary M ′ = (D Γ /Γ) ∪ {cusps not in D Γ } of X, rather than on the naive quotient space M = S d /Γ. This is consistent both with the holographic principle and with a geometrical consideration. In particular, we explained how this Kleinian boundary manifold can be completely discretized when the domain of discontinuity D Γ collapses or, equivalently, the limit set Λ Γ fills the whole boundary sphere S d of the hyperbolic space, with its Hausdorff dimension d H (Λ Γ ) reaching the maximal value d. In this extreme case we found an interesting physical interpretation of a mathematical relation between the volume of cusped hyperbolic manifolds and the number of cusps on them, in terms of the space-time uncertainty principle. In order for conformal fields on M ′ to have an intrinsic description (required for formulating the AdS/CFT correspondence), we argued that the spectrum of conformal dimensions should be bounded from below by a critical exponent δ(Γ), which is roughly the same as the Hausdorff dimension d H (Λ Γ ) of the limit set. We have given two arguments, one which was based on the boundary theory and the other rested on bulk supergravity, both led to the same bound. This bound will have visible effect provided it exceeds another bound, d/2, established in spaces without taking the quotient. The critical exponent δ(Γ) gives a natural measure of the "size" of Γ, so when Γ becomes sufficiently large the scaling dimension of the most relevant operators will increase. In the extreme case δ(Γ) = d we could have a boundary theory without relevant operators. We also computed the scalar two-point function by reducing the action of massive scalars in X to a bilinear term on the quotient boundary M ′ . The result turned out to be consistent with conformal invariance of the boundary theory. In this computation, we have restricted ourselves to the simplest case M ′ = D Γ /Γ and ignored the possibility that cusps of Γ can live outside the domain of discontinuity. If there are cusps touching the limit set, then our computation would be complicated by possible contributions from the "cusp forms". In general, these contributions are expected to be not negligible since the hand-wave argument presented at the end of section 3 suggests that a neighbourhood of a cusp, even it is very small, could contain nontrivial physical information. In a sense, cusps look like black holes, both of which render the manifold incomplete. It would be interesting to know more about the role of cusps in the AdS/CFT correspondence.
Note Added
After this paper was submitted as e-print, I became aware of an existing work [26] where a similar connection between the AdS/CFT correspondence and geometry and topology of hyperbolic manifolds was observed.
